Spin- Rotation Coupling in Muon g — 2 Experiments 
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Spin-rotation coupling, or Mashhoon effect, is a phenomenon associated with rotating observers. 
We show that the effect exists and plays a fundamental role in the determination of the anomalous 
magnetic moment of the muon. 
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Fully covariant wave equations predict the existence 
of a new class of inertial-gravitational effects that can 
be tested experimentally. In these equations inertia and 
gravity appear as external classical fields, but, by con- 
forming to general relativity, provide very valuable in- 
formation on how Einstein's views carry through in the 
world of the quantum. The absence of a complete quan- 
tum theory of gravity and the difficulty of acquiring ex- 
perimental information at this level, render appealing al- 
ternatives aimed at bridging the gap between general rel- 
ativity and quantum physics. 

The unified treatment of inertia-gravity afforded by 
general relativity ensures that there be complete cor- 
respondence between gravitational and inertial effects 
whenever non-locality is not an issue. For this reason in- 
ertia has at times played the harbinger role in the study 
of gravitational effects. 

Interest in inertia is also fostered by rapid experimen- 
tal advances that require that inertial effects be identi- 
fied with great accuracy in precise Earth-bound and near 
space tests of fundamental theories. 

Experiments already confirm that inertia and New- 
tonian gravity affect quantum particles in ways that 
are fully consistent with general relativity down to dis- 
tances of 10~^cm for superconducting electrons and 
10~^^cm for neutrons [^-^. 

Spin-inertia and spin-gravity interactions are the sub- 
ject of numerous theoretical and experimental ef- 
forts [pd|-p^. Studies of fully covariant wave equations 
carried out from different viewpoints [p^|-pO[ identify 
entirely similar inertial phenomena. Prominent among 
these is the spin-rotation effect first described by Mash- 
hoon ||l^ who found that the Hamiltonians H and H' of 
a neutron in an inertial frame Fq and in a frame F' ro- 
tating with angular velocity uj relative to Fq , are related 

hy H' = H ■ a. 
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This effect is conceptually important: it extends our 
knowledge of inertial effects and it does so in an area 



of particle physics that is quantum mechanical par 
excellence. The relevance of the effect to physical |l9| ] 
and astrophysical |^,^ processes has already been 
pointed out. 

No direct experimental verification of the Mashhoon 
effect has so far been reported. The purpose of our work 
is to show that the effect exists, is sizable and plays an 
essential role in precise measurements of the g — 2 factor 
of the muon. 

The experiment p^ , p^ involves muons in a storage 
ring consisting of a vacuum tube, a few meters in di- 
ameter, in a uniform vertical magnetic field. Muons on 
equilibrium orbits within a small fraction of the maxi- 
mum momentum are almost completely polarized with 
spin vectors pointing in the direction of motion. As the 
muons decay, those electrons projected forward in the 
muon rest frame are detected around the ring. Their 
angular distribution thence refiects the precession of the 
muon spin along the cyclotron orbits. 

Our thesis is best proven starting from the covariant 
Dirac equation 

[z7^(a;)(9^ + ir^(a;)) - m] i^(a;) = , 

where (x) represents the spin connection and contains 
the spin-rotation interaction. The Minkowski metric has 
signature -2 and units Ti = c = 1 are used. The calcula- 
tions are performed in the rotating frame of the muon. 
Then the vierbein formalism yields F^ = and 
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where a.i and uji are the three-acceleration and three- 
rotation of the observer and 
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in the chiral representation of the usual Dirac matrices. 
The second term in (j^) represents the Mashhoon effect. 
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The first term drops out. The remaining contributions 
to the Dirac Hamiltonian, to first order in and Ui, add 
up to 

H d ■ p + to/3 + — [{a ■ x){p ■ d) + {p ■ d){d ■ x)] (2) 



For simplicity all quantities in H are taken to be time- 
independent. They are referred to a left-handed tern of 
axes rotating about the a;2-axis in the clockwise direc- 
tion of motion of the muons. The xa-axis is tangent to 
the orbits and in the direction of the muon momentum. 
The magnetic field is B2 — —B. Only the Mashhoon 
term then couples the helicity states of the muon. The 
remaining terms contribute to the overall energy E of the 
states, and we indicate by Hq the corresponding part of 
the Hamiltonian. 

Before decay the muon states can be represented as 



IV'(t) >^ a{t)\^+ > +b{t)\i:. > , 



(3) 



where |'(/'-|_ > and > are the right and left helicity 
states of the Hamiltonian Hq and satisfy the equation 

The total effective Hamiltonian is H^f / = Hq + H', where 



H = --uj2a 



(4) 
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Pa represents the total magnetic mo- 



ment of the muon and /xq is the Bohr magneton. Electric 
fields used to stabilize the orbits and stray radial electric 
fields can also affect the muon spin. Their effects can 
however be cancelled by choosing an appropriate muon 
momentum and will not be considered. 

The coefficients a{t) and h{t) in (|^) evolve in time ac- 
cording to 
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where M is the matrix 
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and r represents the width of the muon. 
M has eigenvalues 



hi=E-i 

h2=E-i 
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and eigenstates 



IV'2 > = > +H- >] 

The muon states that satisfy (||) are 
g-rt/2 



\m > 



{i [e-*^* - e*^*] 1^^+ > (7) 
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where 



Cj = E+-^-^iB. 



At t = one has >— >■ The spin- flip proba- 

bility is therefore 



p^_^^^ = I < ^+m) > I' 



(8) 



■[1 - cos(2^B - uj2)t] . 



The F-term in (g) accounts for the observed exponential 
decrease in electron counts due to the loss of muons by 
radioactive decay [2^ ]. 

The spin-rotation contribution to P^_—,^^ is repre- 

eB 

sented by W2 which is the cyclotron angular velocity — 

r— , . . . TO 

P3[. The spin- flip angular frequency is then 



Q, = 2/i_B — L02 

.g-2\ eB 
2 y TO 
g-2eB 



(9) 
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which is precisely the observed modulation frequency of 
the electron counts (see also Fig. 19 of Ref. |p3|). 
This result is independent of the value of the anoma- 
lous magnetic moment of the particle. It is therefore the 
Mashhoon effect that evidences the g — 2 term in by 
exactly cancelling, in 2/i_B, the much larger contribution 
/iQ that pertains to fermions with no anomalous magnetic 
moment. 

It is perhaps odd that spin-rotation coupling as such 
has gone unnoticed for such a long time. It is however sig- 
nificant that its effect is observed in an experiment that 
has already provided crucial tests of quantum electrody- 
namics and a test of Einstein's time-dilation formula to 
better than a 0.1 percent accuracy. Recent versions of 
the experiment |25-2^] have improved the accuracy of 
the measurements from 270 ppm to 1.3 ppm. This bodes 
well for the detection of effects involving spin, inertia and 
electromagnetic fields or inertial fields to higher order. 
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